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Abstract 

We survay our recent results on fractional gravity theory. It is also 
provided the Main Theorem on encoding of geometric data (metrics 
and connections in gravity and geometric mechanics) into solitonic 
hierarchies. Our approach is based on Caputo fractional derivative 
and nonlinear connection formalism. 
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3 Exact Solutions in Fractional Gravity 

3.1 Separation of equations for fractional and integer dimensions 

3.2 Solutions with "/ig 4 / and "T2,4 / 



4 The Main Theorem on Fractional Solitonic Hierarchies |8| 
A Fractional Caputo N anholonomic Manifolds 



1 Introduction 

Recently, we extended the fractional calculus to Ricci flow theory, grav- 
ity and geometric mechanics, solitonic hierarchies etc [H El O lU O [6] . In 
this work, we outline some basic geometric constructions related to frac- 
tional derivatives and integrals and their applications in modern physics 
and mechanics. 

Our approach is also connected to a method when nonholonomic defor- 
mations of geometric structure^ induce a canonical connection, adapted to 
a necessary type nonlinear connection structure, for which the matrix coeffi- 
cients of curvature are constant [71 IH]- For such an auxiliary connection, it is 
possible to define a bi-Hamiltonian structure and derive the corresponding 
solitonic hierarchy. 

The paper is organized as follows: In section 2, we outline the geometry 
of N-adapted fractional manifolds and provide an introduction to fractional 
gravity. In section 3, we show how fractional gravitational field equations 
can be solved in a general form. Section 4 is devoted to the Main Theorem on 
fractional solitonic hierarchies corresponding to metrics and connections in 
fractional gravity. The Appendix contains necessary definitions and formulas 
on Caputo fractional derivatives. 

Acknowledgement: This paper summarizes the results presented 
in our talk at Conference "New Trends in Nanotechnology and Nonlinear 
Dynamical Systems" , 25-27 July, 2010, Qankaya University, Ankara, Turkey. 

^determined by a fundamental Lagrange/ Finsler / Hamilton generating function (or, 
for instance, and Einstein metric) 
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2 Fractional Nonholonomic Manifolds and Grav- 
ity 

Let us consider a " prime" nonholonomic manifold V is of integer dimen- 

r-l a 

sion dim V = n + m,n > 2,m > l|jlts fractional extension V is modelled 

a a a a 

by a quadruple (V, N, d, I), where N is a nonholonomic distribution stating 
a nonlinear connection (N-connection) structure (for details, see Appendix 

a 

IS with explanations for formula ([1]). The fractional differential structure d 
is determined by Caputo fractional derivative (jA.ip following formulas ()A.3p 

a 

and ()A.4p . The non-integer integral structure I is defined by rules of type 
(TOD . 

a a 

A nonlinear connection (N-connection) N for a fractional space V is 
defined by a nonholonomic distribution (Whitney sum) with conventional 

a a 

h- and v-subspaces, hV and vV, 



a a a a 



TV = hVevY. (1) 

a 

A fractional N-connection is defined by its local coefficients N={ "'N^}, 
when 

a 

For a N-connection N, we can always construct a class of fractional (co) 
frames (N-adapted) linearly depending on °^N^, 



(2) 



a^p = ['^e^ = (dx^)'^, ^e" = {dyT + '"Kidx^T]. (3) 

a 

The nontrivial nonholonomy coefficients are computed = df^ "-Nf and 

^W^^ = "J^^i = "A^/ - '^ej '^Nf for 

In above formulas, the values "^^jj are called the coefficients of N-connection 

a 

curvature. A nonholonomic manifold defined by a structure N is called, in 
brief, a N-anholonomic fractional manifold. 



nonholonomic manifold is a manifold endowed with a non-integrable (equivalently, 
nonholonomic, or anholonomic) distribution. 
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We write a metric structure g = { "Sa^} on V in the form 

g= V® V+ "5e6(x,y) V (4) 

where matrices r/^/j/ = dm(7[±l, ±1, ±1] and rja'b' = diag[±l,±l, ...,±1], 
for the signature of a "prime" spacetime V, are obtained by frame transforms 
Vk'j' = e\, e^j, "gkj and r]a'b' = e\, e\, ""gab- 

a a 

A distinguished connection (d-connection) D on V is defined as a hnear 
connection preserving under parallel transports the Whitney sum ([1]). We 
can associate a N-adapted differential 1-form 

"r-^ = "r-^^ "e^ (5) 

parametrizing the coefficients (with respect to ([3]) and ([2])) in the form 

a"p7 ( ari ara a(~ii af~ia \ 

^ tR—\ ^jk^ ^bk^ '^jc^ '-■be! ■ 



The absolute fractional differential "d = ixdx+ ^^fij; acts on fractional 
differential forms in N-adapted form; the value "d := "e'^ "e^ splits into 
exterior h- and v-derivatives when 

,Jdx := (dxT = °eJ' "e,- and ,ydy := {dy^T i Ja = "e^ "ej,. 

The torsion and curvature of a fractional d-connection D = { "r"^^^} 
can be defined and computed, respectively, as fractional 2-forms, 

"7-^ = D = °d "e^ + "r^^ A "e'^ and (6) 

There are two another important geometric objects: the fractional Ricci 
tensor ^TZic = { "Rq/? = "R-^a^,-} with components 

art _^ a Tjk a rt ^ _ ol rtk a rt ^ a rtb op ^ a TjC (j\ 

-TLij — rt ^ji^, ixia — -fi ikai ^ai — ^ aibi ^ab — rt ^j,^ yi ) 

a 

and the scalar curvature of fractional d-connection D, 

^R= "g^^"R^;3= "S, "i?= ''g'^ ""Rij, "5= '^g'^'^'Rab, (8) 

with "g'^'^ being the inverse coefficients to a d-metric 
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We can introduce the Einstein tensor "Ens = { 

°Go/3 := — - "gal3 s'^- (9) 

For various applications, we can consider more special classes of d- 
connections: 

• There is a unique canonical metric compatible fractional d-connection 
°D = { -T\^ = ( "L-„ -q-)}, when "D ( "g) = 0, 

satisfying the conditions = and "f = 0, but °f "j-- 

and "T"'jyj are not zero. The N-adapted coefficients are given in ex- 
plicitly form in our works [TJ [51 O |H [SJ [B] . 

• The fractional Levi-Civita connection °V = { "T'*^^^} can be defined 
in standard from but for the fractional Caputo left derivatives acting 
on the coefficients of a fractional metric. 

On spaces with nontrivial nonholonomic structure, it is preferred to work 

on V with °D = { "F'^^^j instead of "V (the last one is not adapted to 

the N-connection splitting ([I])). The torsion "T^ ([6]) of "D is uniquely 
induced nonholonomically by off-diagonal coefficients of the d~metric (H]) . 

With respect to N-adapted fractional bases ^ and ([3]), the coefficients of 
the fractional Levi-Civita and canonical d-connection satisfy the distorting 
relations 

"r^., = "f\, + "n/3> (10) 

where the N-adapted coefficients of distortion tensor Z'^^^ are computed 
inRef. |6]. 

An unified approach to Einstein-Lagrange/Finsler gravity for arbitrary 
integer and non-integer dimensions is possible for the fractional canonical d- 
connection °D. The fractional gravitational field equations are formulated 
for the Einstein d-tensor ([9]), following the same principle of constructing 
the matter source "'Tps as in general relativity but for fractional metrics 
and d-connections, 

"E^5= "^r/ss. (11) 

Such a system of integro-differential equations for generalized connections 
can be restricted to fractional nonholonomic configurations for "V if we 
impose the additional constraints 

"L^,. = -e,( "iV|), "Cj, = 0, = 0. (12) 
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There are not theoretical or experimental evidences that for fractional 
dimensions we must impose conditions of type (jl2p but they have certain 
physical motivation if we develop models which in integer limits result in 
the general relativity theory. 

3 Exact Solutions in Fractional Gravity 

We studied in detail [2J what type of conditions must satisfy the coeffi- 
cients of a metric @ for generating exact solutions of the fractional Einstein 
equations (llip . For simplicity, we can use a "prime" dimension splitting of 
type 2 + 2 when coordinated are labeled in the form = {x^,y^ = v,y^), 
for i,j, ... = 1,2. and the metric ansatz has one Killing symmetry when the 
coefficients do not depend explicitly on variable y^. 

3.1 Separation of equations for fractional and integer dimen- 
sions 

The solutions of equations can be constructed for a general source of 
typ^S 

"T"^ = "T^; "Ti = "Ta = "T2(x^7;); "T3 = "T4 = "T4(x^)] 

For such sources and ansatz with Killing symmetries for metrics, the Einstein 
equations (|lip can be integrated in general form. 

We can construct 'non-Killing' solutions depending on all coordinates 
when 

"e^ = ^dy^+ "^/;i(x^^;) "fix\ "e^ = " V + "ni(x^ "dx*, (13) 
for any for which 

Configurations with fractional Levi-Civita connection "V, of type (I12p . can 
be extracted by imposing additional constraints 

V* = "edn| "/i4|, "efc = "e^ ''wk, 

X = 0, i"nfc = 9fcX, (14) 

■^such parametrizations of energy-momentum tensors are quite general ones for various 
types of matter sources 
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where the partial derivatives are 

being used the left Caputo fractional derivatives ()A.3p . 

3.2 Solutions with "/i^ 4 ^ and "T2,4 ^ 

For simplicity, we provide only a class of exact solution with metrics of 
type when "/ig^ 7^ (in Ref. [2], there are analyzed all possibilities 
for coefficiento We consider the ansatz 



"e^ = "u'i(x^7;) "dx\ "e^ = "dy^ + "n,(x'=, t;) "dx* (15) 

We consider any nonconstant = °'4>{x^,v) as a generating function. 
We have to solve respectively the two dimensional fractional Laplace equa- 
tion, for "gi = "52 = e "'^'-^ \ Then we integrate on v, in order to 
determine "/is, "/i4 and "n^, and solve algebraic equations, for "wj. We 
obtain (computing consequently for a chosen "(j){x^,v)) 



-91 = "g2 = e"-^(-''), "/i3 = ± '"'^ly'"^ (16) 
114 — Qni[x )± I ^vJ^v — 



"T2 



"w, = -dr<t>r(t>\ "n,= ?nfc(xO+ ^nfc(xO ^^/,["/i3/(v^^)3], 

where q/i4(x'^), "n^ (x*) and 2^'fc (^*) ^^^^ integration functions, and 
is the fractional integral on variables v and 



In 



7=(lnr/i4|=^/Vr/i3|)*, (17) 



For "/i^ / 0; "T2 / 0, we have / 0. The exponent e "'^(^''^ is 

the fractional analog of the "integer" exponential functions and called the 



^by nonholonomic transforms, various classes of solutions can be transformed from one 
to another 
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Mittag-Leffer function Ea[{x — ^x)"]. For °^tj;{x) = Ea[{x — ^x)°'], we have 

a 

diEa = Ea- 

We have to constrain the coefficients ()16p to satisfy the conditions ()14p 
in order to construct exact solutions for the Levi-Civita connection "V. 
To select such classes of solutions, we can fix a nonholonomic distribution 
when 2 '^fc (x*) = and "n^ (x*) are any functions satisfying the conditions 

a a 

di fnfc (xj) = fui (x-') . The constraints on °'(f>{x'',v) are related to the 

a 

N-connection coefficients "'wi = — 5j °'(p/ "'(p* following relations 
( + ''Wii ^cp] ( "h,[ "0])* +1 "/i4[ = 0, 

where, for instance, we denoted by "h^l the functional dependence on 
"(f). Such conditions are always satisfied for = "'4'(v) or if "'cp = const 
when °'wi{x'',v) can be any functions with zero and "a,, see (fT7|) '). 

4 The Main Theorem on Fractional SoUtonic Hi- 
erarchies 

In Ref . [SI El 1^ , we proved that the geometric data for any fractional 
metric (in a model of fractional gravity or geometric mechanics) naturally 
define a N-adapted fractional bi-Hamiltonian flow hierarchy inducing an- 
holonomic fractional solitonic configurations. 

Theorem 4.1 For any N~anholonomic fractional manifold with prescribed 
fractional d-metric structure, there is a hierarchy of bi-Hamiltonian N- 
adapted fractional flows of curves j{t, 1) = /i7(r, 1) + vj(t, 1) described by 
geometric nonholonomic fractional map equations. The fractional flows 
are defined as convective (traveling wave) maps 

-fr = 71, distinguished {hj)^ = (/i7)hx "-"^d (777)^ = (w7)„x • 
There are fractional +1 flows defined as non-stretching mKdV maps 

-{h^\ = "D2x(/.7),x + ^rD/.x(/^7),xlL (^Ax> 

-{v^)^ = "D2xM.x + ^rD.x(t;7).xl'g M.x, 

and fractional +2,... flows as higher order analogs. Finally, the fractional 
-1 flows are defined by the kernels of recursion fractional operators inducing 
non-stretching fractional maps "D/^y {h^)hx ~ ^ ^^'^ "D^y (^7)^x ~ ^■ 
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A Fractional Caputo N— anholonomic Manifolds 

The fractional left, respectively, right Caputo derivatives are defined by 
formulas 

'"^ ■= fnh) - (-l^) ■ 



a 



We can introduce d := {dx^)°' odj for the fractional absolute differential, 

^ ■ ■ / J > 1 — CK 

where dx^ = (dx^)" r(2-a) i'''* ~ ^' Such formulas allow us to elaborate 



a 



the concept of fractional tangent bundle TM, for a € (0, 1), associated to 
a manifold M of necessary smooth class and integer dimM = nH 

Let us denote by Lz{ ix, 2x) the set of those Lesbegue measurable func- 

tions / on [ ix, 2x] when \\f\\z = (/ \ f{x)\^dx)^'^ < oo and ix, 2x] 

ix 

be the space of functions which are z times continuously differentiable on 
this interval. For any real-valued function f{x) defined on a closed interval 

a 

[ ix, 22;], there is a function F{x) = Ix fix) defined by the fractional 

a X 

Riemann-Liouville integral ^xlxfix) := f [x — x')"^'^ f {x')dx' , when 

ix 

a 

fix) = ^xd_xF{x), for all x G [ ix, 2^;], satisfies the conditions 

,xh ( Jxf{x)^ = fix), a > 0, (A.2) 

ixlx ( ixSx^(x)^ = Fix) - Fi ix), < a < 1. 

a 

We can consider fractional (co) frame bases on TM. For instance, a 
fractional frame basis = e^^iu^)d_iji is connected via a vierlbein transform 
e^piu^) with a fractional local coordinate basis 

^ a a a 



9/3' = I dj, = dj,,df,, = ^yt' df,, ) , (A.3) 



^For simplicity, we may write both the integer and fractional local coordinates in the 
form = (a;-', J/"). We underlined the symbol T in order to emphasize that we shall 
associate the approach to a fractional Caputo derivative. 
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for = 1, 2, n and b' = n + l,n + 2, ...,n + n. The fractional co-bases are 
related via e = e^^ {u^)du^' , where 

L'^' = . (A.4) 

a 

The fractional absolute differential d is written in the form 

d := (dx^)" o9., where dx^ = (dx^T^—^ -, 

■' r(2 — a) 

where we consider ix* = 0. 
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